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Two Dimensional Geometric Analysis and Modeling become 
increasingly important in computer-aided treatment (CAT) planning, 
non-invasive surgical processes, computer-aided diagnostic (CAD), 
computer aided modeling (CAM) and disease progression. The purpose 
of this article is to present a computer-aided geometrical analysis of 
tibiofemoral joint from knee radiographs from a computing perspective. 
Lateral and Medial Joint Space Width (JSW), anatomical axis angle 
(AAA), Femorotibial angle (FTA), Condylar Plateau Angle (CPA), 
Condylar Angle (CA) and Tibial Plateau Angle (TPA) has been 
Quantified with novel linear algebra abstractions with an intention to use 
in 3D Joint Modeling and Animation. Edge pixel Detection, curve 
modeling, and linear regression have been expended as key methods to 
estimate anatomical axes and respective angles. Implementation details 
of methodology have been presented in the form of code listing. 
Quantification of aforementioned knee parameters has been successfully 
quantified with 85% accuracy over an originally acquired patient dataset 
in DICOM (Digital Imaging and COmmunications in Medicine) Format. 

 
© 2019 INT TRANS J ENG MANAG SCI TECH. 

1. INTRODUCTION 
Bone and Joint Modeling in 2D and 3D become increasingly important with recent advancement 

in Medical Sciences (Imhauser and Schafer, 2019; Burleson and Dipaola, 2019) for e.g. Orthopedic 
surgeons need specialized software to decide about bone and joint measurements for treatment and 
replacement purpose (Belvedere et al., 2018).  This new dimension of science and technology lies at 
the intersection of interesting Engineering and computer science subjects namely: (1) Digital Image 
Processing (2) Computer Graphics (3) Kinetics and kinematics (Ghorbel et al., 2018; Alnouri et al., 
2015; Gonzalez and Woods, 2008; Hill, 2007; Aguado, & Alberto, 2018).  This particular paper is 
written for early-stage computer scientists, engineers, and researchers to build understanding about 
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utilizing higher level mathematics and computing for the purpose of building CAD/CAT/CAM 
software.  Figure 1 shows lines and angles to be extracted from human knee radiograph. In Figure 1, 
Line No. 1 is drawn to visualize femoral anatomic axis. Line No. 2, 3 and 4 represents tibial anatomic 
axis, Condylar line and Tibial Plateau line respectively (Harvey et. al., 2008). Associated with four 
lines, there also lies four angles ‘a’, ‘b’, ‘c’, and ‘d’ which represents anatomic axis angle (AAA), 
Femoral condylar angle(FCA), tibial plateau angle (TPA) and Condylar plateau angle (CPA) 
respectively. This work is an extension of previously done edge pixel detection on Knee radiographs 
[10].  

 
Figure 1: Lines and Angles to be extracted from the Knee  

(after Harvey et. al., 2008; Harvey and Hundter, 2007). 
This paper is organized as follows: Section 2 discusses data acquisition and data preparation. 

Section 3 and Section 4 revives the theory of drawing lines and curves from edge pixels so that novice 
programmers and technologists grasp the mathematics and logic that are working behind commercial 
software which usually acquires point data from spreadsheets (Vitković et al., 2018).  Section 5 
contains qualitative experimental results and discussion which follows quantification in the same 
section.  Finally, conclusion and future work are presented in Section 6. 

2. PRELIMINARIES 
Bone and Joint modelings start with acquiring point data which is simply a list of (x,y) pairs of 

coordinates. These coordinates are basically detected edge pixel from appropriate imaging modality 
for e.g. this work chooses DICOM images of Knee.  All the Processing is done on MATLAB® due 
to its simplicity and built-in image processing library routines.  The very first step is to write code 
for loading DICOM images, remove patient information and to organize them as per processing 
criteria for e.g. discriminate them as Male (M) and Female (F) patients as shown in Figure 2. 

The first step is to prepare data for processing by automation of four preliminary steps: (1) Isolate 
Knee Images (2) Renaming (3) Cropping (4) Resizing. After Organizing data separately into two 
folders,  the next step is to determine whether the current DICOM image contains the right knee or 
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Figure 2: Code Listing I- DICOM loader and Organizer. 

left knee or both within single image space. If it contains both knees, then it needs to split into left 
and right knee through cropping. Cropping is comparatively a simple operation which involves 
extracting a pre-select rectangle portion from image space as shown in Figure 3. The images have 
been acquired in an entirely raw format from Esa Lab, Karachi, Pakistan for research purpose. The 
raw data needs specialized preprocessing for e.g. Figure 4 shows collect data from Esa lab.  It 
contains per day scan of all types of scan for e.g. chest, knee, arm, foot in a multi-level folder of size 
7GB on disk. Different libraries use different origin for cropping and spatial operation. The most 
frequent origin is considered right top corner instead of the bottom left corner of the whole image.  
With respect to the right top corner, the left half rectangle comprises of (right, top, width/2, height) 
while right half rectangle becomes (width/2, 0, width/2, height), see Figure 4. The third basic 
operation is resizing.  The size property of DICOM image is not exposed or read directly, instead 
dedicated lines of code has been written to capture properties of DICOM in an ‘info’ series data 
structure as shown in Figure 4. DICOM are high-resolution images for e.g 3480 X 2125 and thus 
need resizing to 128 x 128 keep processing time optimal and uniform across all images, Figure 5. 

 
Figure 3: Cropping DICOM into Two Halves. 

 
Figure 4: DICOM File Structure. 

 
Figure 5: Code Listing II- Image Resizing. 
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Figure 6: Code Listing II- Image Resizing 

3. LITERATURE REVIEW 
As we told in Section I that current work is an extension of existing work (Tariq, and Burney, 

2012). Previous work covers pixel edge detection and contour formation of femoral and tibial condyle 
as shown in Figure 6. The Edge pixel detection process is done twice to detect upper and lower 
condyle pixels respectively as showing in Figure 6 (a) and Figure 6 (b). Special care is taken while 
selecting ROI for lower condyle otherwise noise increases afterward. Multiplying (dot multiply in 
MATLAB) this mask with the original image results in a new image with all the undesired (masked) 
parts of the image set to black. This masked image is of type single.  The original image is of type 
uint8; Mask is of type logical; Multiplication with original image yields single (just like float takes 4 
bytes, value b/w 0 &1) as shown in Figure 7. Two new images J1 and J2 have been created by 
applying Prewitt edge detector and its reflected counterpart as follows: 

 
Figure 6 (a) and Figure 6 (b) are actually J1 and J2. Conditions have been designed to modify J1 

and J2 So that they only contain condylar pixels and rest of the false detection will be eliminated. The 
very first condition demands for restoring original pixel values outside the mask area while the second 
condition requires setting the value of the pixel to white if it is true candidate condylar edge pixel, 
See Figure 7. The reader easily observes the appearance of false detections by edge detectors which 
need special attention for excluding them from the candidate pixel list. Masking is an intelligent idea 
to restrict processing to particular pixels to save computation over the whole image of size N X N. 
Function roipoly is used to get the desired portion of the image from the user through mouse 
interaction at runtime as shown in Figure 8, Code Listing III.  

 

 
 

 
Figure 7:  (a) ROI Selection (b)  Logical Mask  (c) In-Mask Image. 
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Figure 8: Code Listing III- Masking and ROI Selection 

4. SMOOTHING AND SAMPLING 
Till this end, we were able to visualize edge pixels as white pixels overlay on original images 

namely J1 and J2 showing upper and lower condyle pixels respectively. Next step is to connect edge 
pixel to form a curve. Consider a few observations from sample data obtained during experimentation 
and analysis: 

Edge-Pixels = [(80,128), (80,129), (81,128), (81,129), (81,130), (82,129), (82,130), 
(82,140), (82,141), (83,129), (83,130)] 

Frequency analysis of the above data yields the following results: 

Frequency = [     2     3     4     5     6     5     6     6     7     6] 

For every x-coordinate, there exist multiple values for e.g: for x=82, there exist four possible 
outcomes y= 129,130,140,141 i.e. one to many correspondences exist which need to transform into 
one to one mapping.  The rule is to pick minimum y-coordinate for the upper femoral condyle curve 
while picking maximum y-coordinate for lower tibial condyle curve.  Comments are also shown for 
reader convenience and reproducibility of work. There still need another step to get smooth condylar 
curve namely interpolation. Below is sample data after noisy observation elimination which now 
shows that there are many missing values against given x-coordinate and thus need fixing this issue. 
Here comes spline to rescue the situation. To do so, we need to find the minimum, maximum and 
missing values of observations. To create equal space samples, we have used a spacing of 
(max−min )/ (𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) . The drawing approach just discussed is the parametric 
approximation of curve 𝑠𝑠(𝑠𝑠) = �𝑥𝑥(𝑠𝑠), 𝑦𝑦(𝑠𝑠)�   0 ≤ 𝑠𝑠 ≤ 1. Sequence {𝑠𝑠𝑖𝑖} is chosen and for each {𝑠𝑠𝑖𝑖}, 
𝑥𝑥 𝑠𝑠𝑠𝑠𝑎𝑎 𝑦𝑦 is found at that particular instance t (Hill, 2007). Code to do spline interpolation is shown in 
Figure 10 as Code Listing V. Figure 11 shows an important scenario when two curve overlap each 
other. Computation and analysis of along vertical axis is presented in Code Listing IV. 
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Figure 10: Code Listing of Spline Interpolation  Figure 11:  curve overlapping  

 

Figure 9: Code Listing IV Eliminating noisy and redundant observations  

5. GEOMETRIC ANALYSIS AND RESULTS 
Linear regression has been in practice since long by surgeons in literature for drawing of the 

anatomical axis from knee radiographs (Okamoto et. al., 2014), (Goulston et. al., 2016), (Colebatch 
et. al., 2009), (Harvey, and Hundter, 2007).  In our case, samples have been successfully generated 
using spline interpolation in the form of two vectors 𝑋𝑋𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 = [𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … . 𝑥𝑥𝑛𝑛]and 𝑌𝑌𝑢𝑢𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 =
[𝑦𝑦1,𝑦𝑦2,𝑦𝑦3, … … .𝑦𝑦𝑛𝑛] .  Similarly 𝑋𝑋𝑙𝑙𝑙𝑙𝑙𝑙𝑈𝑈𝑈𝑈 = [𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … … . 𝑥𝑥𝑛𝑛]  and 𝑌𝑌𝑙𝑙𝑙𝑙𝑙𝑙𝑈𝑈𝑈𝑈 = [𝑦𝑦1,𝑦𝑦2, 𝑦𝑦3, … … .𝑦𝑦𝑛𝑛] .  
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It has been observed from Figure 1 that Condylar Line labeled as 3 and Tibial Plateau Line labeled 
as 4 has been passing through extreme points of the upper and lower condylar curve thus regression 
through curve points employ subset of both  𝑠𝑠𝑢𝑢𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 = �𝑥𝑥𝑢𝑢𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈,𝑦𝑦𝑢𝑢𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 �  and 𝑠𝑠𝑙𝑙𝑙𝑙𝑙𝑙𝑈𝑈𝑈𝑈 =
(𝑥𝑥𝑙𝑙𝑙𝑙𝑙𝑙𝑈𝑈𝑈𝑈,𝑦𝑦𝑙𝑙𝑙𝑙𝑙𝑙𝑈𝑈𝑈𝑈 ). Selection requires trimming at both ends of upper and lower point lists.  Linear 
Regression to draw Condylar and Tibial Plateau Line is expressed as follows: 

  𝑦𝑦𝑐𝑐𝑙𝑙𝑛𝑛𝑐𝑐𝑐𝑐𝑙𝑙𝑈𝑈𝑈𝑈 =  𝛽𝛽0 +  𝛽𝛽1𝑋𝑋𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝐸𝐸𝐸𝐸𝐸𝐸𝑈𝑈𝑈𝑈𝐸𝐸𝑈𝑈          (1). 

The notation 𝑋𝑋𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝐸𝐸𝐸𝐸𝐸𝐸𝑈𝑈𝑈𝑈𝐸𝐸𝑈𝑈 is used to represent selected extreme xy coordinates from Upper Point 
list. These points are shown in magenta color on upper condyle while with Pale yellow on lower 
condyle as Candidate pixels for Regression. Similarly, 

  𝑦𝑦𝐸𝐸𝑖𝑖𝑡𝑡𝑈𝑈𝑡𝑡𝑙𝑙 𝑈𝑈𝑙𝑙𝑡𝑡𝑈𝑈𝑡𝑡𝑢𝑢 =  𝛼𝛼0 +  𝛼𝛼1𝑋𝑋𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝐸𝐸𝐸𝐸𝐸𝐸𝑈𝑈𝑈𝑈𝐸𝐸𝑈𝑈         (2). 

To determine midpoint as anatomical axis passes through it mean of estimated spline curve data 
has been used as shown in EQ (3) and Figure 13 (a): 

  𝑠𝑠𝐸𝐸𝑖𝑖𝑐𝑐−𝑐𝑐𝑈𝑈𝑛𝑛𝐸𝐸𝑈𝑈𝑡𝑡𝑙𝑙 =   ( 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑋𝑋𝑙𝑙𝑙𝑙𝑙𝑙𝑈𝑈𝑈𝑈),𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (𝑌𝑌𝑙𝑙𝑙𝑙𝑙𝑙𝑈𝑈𝑈𝑈)        (3) 

Next User is asked to input two points manually on the femur and tibial bone with the help of 
which further mid-points has been determined. Joining femur and central midpoint results in femoral 
anatomical axis (FA) while joining tibial and central mid-point results in tibial axis (TA) as shown in 
Figure 13 (b). The line has been drawn parametrically using Equation (4): 

  𝑠𝑠(𝑠𝑠) = 𝐴𝐴 + (𝐵𝐵 − 𝐴𝐴)𝑠𝑠    0 ≤ 𝑠𝑠 ≤ 1          (4) 
Since both anatomical axes have drawn successfully so it is now easy to determine anatomic axis 

angle (AAA) or Femoral Tibial Angle (FTA) as follows: 

  �̅�𝑣𝐹𝐹𝐹𝐹 =  𝑠𝑠𝐸𝐸𝑖𝑖𝑐𝑐𝐹𝐹𝑈𝑈𝐸𝐸𝑢𝑢𝑈𝑈 −  𝑠𝑠𝐸𝐸𝑖𝑖𝑐𝑐−𝑐𝑐𝑈𝑈𝑛𝑛𝐸𝐸𝑈𝑈𝑡𝑡𝑙𝑙 , and 

  �̅�𝑣𝑇𝑇𝐹𝐹 =  𝑠𝑠𝐸𝐸𝑖𝑖𝑐𝑐𝑇𝑇𝑖𝑖𝑡𝑡𝑖𝑖𝑡𝑡 −  𝑠𝑠𝐸𝐸𝑖𝑖𝑐𝑐−𝑐𝑐𝑈𝑈𝑛𝑛𝐸𝐸𝑈𝑈𝑡𝑡𝑙𝑙 

  𝜃𝜃𝐹𝐹𝐹𝐹𝐹𝐹 (𝑎𝑎𝑠𝑠𝑑𝑑𝑑𝑑𝑠𝑠𝑠𝑠𝑠𝑠) =  𝑐𝑐𝑠𝑠𝑠𝑠−1 � 𝑣𝑣�𝐹𝐹𝐹𝐹.𝑣𝑣�𝑇𝑇𝐹𝐹
⋮𝑣𝑣𝐹𝐹𝐹𝐹⋮ .� ⋮𝑣𝑣𝐹𝐹𝐹𝐹⋮� � ∗ (180

𝑃𝑃𝑃𝑃
)        (5) 

The Condylar Plateau angle (CPA) between two regression lines can be estimated similarly by 
finding two appropriate direction vectors and taking cosine inverse of them. First direction vector 
�̅�𝑣𝑇𝑇𝑃𝑃 is along tibial plateau regression line, shown in Magenta color on the right side in Figure 12, 
Figure 13 and Figure 14 respectively. The second direction vector �̅�𝑣𝐹𝐹𝑃𝑃 is along Femoral Plateau 
regression line shown in Blue in same figures. Thus CPA calculation is possible by implementing 
Equations (6) and (7) in a system.  Same direction vector logic is used to find the Tibial Plateau 
angle (TPA) and condylar angle (CA). 

  �̅�𝑣𝐹𝐹𝑃𝑃 =  𝑠𝑠𝐹𝐹𝑃𝑃𝐵𝐵 − 𝑠𝑠𝐹𝐹𝑃𝑃𝐹𝐹             (6), 

  �̅�𝑣𝑇𝑇𝑃𝑃 =  𝑠𝑠𝑇𝑇𝑃𝑃𝐵𝐵 − 𝑠𝑠𝑇𝑇𝑃𝑃𝐹𝐹             (7), 

  𝜃𝜃𝐶𝐶𝑃𝑃𝐹𝐹 (𝑎𝑎𝑠𝑠𝑑𝑑𝑑𝑑𝑠𝑠𝑠𝑠𝑠𝑠) =  𝑐𝑐𝑠𝑠𝑠𝑠−1 � 𝑣𝑣�𝐹𝐹𝐹𝐹.𝑣𝑣�𝑇𝑇𝐹𝐹
⋮𝑣𝑣𝐹𝐹𝐹𝐹⋮ .� ⋮𝑣𝑣𝑇𝑇𝐹𝐹⋮� � ∗ (180

𝑃𝑃𝑃𝑃
)        (8). 
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Figure 12: Candidate Pixels for Regression 

 
Figure 13:  (a) Mid-Point     (b) Femoral and Tibial Anatomic Axis. 

 

 
Figure 14:  Joint Space Width (JSW) (a) negative JSW   (b) Positive JSW 

After building geometric interpretation of four angles Anatomical Axis Angles (AAA), Condylar 
Plateau Angle (CPA), Tibial Plateau Angle (TPA) and Condylar angle (CA), it is also possible to 
measure lateral and medial Joint space width between two condylar curves. This build a six-
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dimensional feature vector x to represent a tibiofemoral joint x=(AAA ,CPA,TPA,CA,MJSW,LJSW) 
for further analysis. The intersection between lower and upper condylar spline curves has been used 
to measure Joint space width (JSW) along y-axis: 

  𝑌𝑌𝑐𝑐𝑙𝑙𝐸𝐸𝐸𝐸𝑙𝑙𝑛𝑛 =  𝑌𝑌𝑙𝑙𝑙𝑙𝑙𝑙𝑈𝑈𝑈𝑈 ∩ 𝑌𝑌𝑢𝑢𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈           (9) 

Intersection list of y-coordinate is used to search (x,y) points on the lower and the upper Condylar 
curve. Once the corresponding list of (𝑥𝑥′,𝑦𝑦′)  pairs has been found, JSW measurement simply 
become the matter of finding the vertical distance between these pairs as shown in Equation (10) and 
Figure 14. The more detailed visualization and results can be read from Figure 15. 

  𝐽𝐽𝐽𝐽𝐽𝐽 =  𝑌𝑌𝑙𝑙𝑙𝑙𝑙𝑙𝑈𝑈𝑈𝑈′ −  𝑌𝑌𝑢𝑢𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈′            (10) 
 

 

 
 
 

Table I: Statistical analysis. 
NO 

Quantified Results 
Parameter mean std 

1 Mean/Min  Median JSW 3.6400 /  2 1.5 

2 Mean/Min  Median JSW 2.8393/2 2.0 

3 Anatomical Axis Angle 
(AAA) 

175.1981 3.3407 

4 Condylar Angle (CA) 92.7556 17.0083 

5 Tibial Plateau Angle 
(TPA) 

86.6046 11.3131 

6 Condylar Plateau Angel 
(CPA) 

6.2177 4.4069 
 

Figure 15: Results of Geometric Analysis  
 

Table I shows the results computer over 40 osteoarthritis patients showing all six mentioned knee 
parameters.  Condylar angle seems to have maximum standard deviation showing some serious 
improvements needed. 

6. CONCLUSION AND FUTURE WORK 
Geometric Analysis of Knee Anteroposterior (AP) radiograph has been successfully done to 

quantify six important knee parameters as shown in Table I. Geometric analysis is accompanied with 
interesting linear algebra constructs to be used in computer-aided software for automation and 
treatment planning.  All the work has been implemented on MATLAB® and the complete software 
can be downloaded from the authors’ website. Future work comprises validation and improvement 
of discussed techniques from medical experts especially orthopedic surgeons. Another future 
dimension is an extension of 2D analysis into 3D analysis for 3D modeling of bone and joints. 
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