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This paper considers the possibility of applying the methods of the
Chebyshev interpolation theory in predicting evapotranspiration, which
allows obtaining more accurate predicted values. As a result, it optimizes
the parameters that provide significant savings of resources. Conducted
theoretical studies let us propose a method for constructing a predictive
indicator of evapotranspiration, based on the problem of Chebyshev
approximation, and also construct the indicative curves for alfalfa.
Comparing the results of traditional procedures based on classical
regression methods with those calculated by the proposed method gives a
good match. It confirms the accuracy of both the adopted method and the
reliability of the dependencies obtained.
© 2019 INT TRANS J ENG MANAG SCI TECH.

1. INTRODUCTION

Evapotranspiration (total water consumption) is the most important characteristic of water
management. Calculation of the evapotranspiration of irrigated crops is the most significant element
of irrigated agriculture management at all its stages, including the planning of irrigation of new lands,
design of irrigation systems, and their operation. Its value, along with other parameters, is the input
information for most hydrological and water-balance models. Inaccuracies in the definition of
evapotranspiration in systems design can lead to the death of major capital investments in the
construction of excess capacity, the shortage of irrigated crop production, and failure to obtain the
design yield due to the inability to ensure optimal water regime.

The development of evapotranspiration models is widespread in most developed countries. The
most common method is that of Penman-Monteith [1]. The method is recommended as the standard
by the International Organization for Food, and Agriculture of the United Nations (FAO UN). In
Russia, with significant soil-climatic diversity, the Penman-Monteith method is difficult to apply, as
it requires long-term data on the solar radiation entering the earth’s surface in a particular area (these
data are not always available). It also does not sufficiently take into account the biological
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characteristics of cultivated plants at different periods of their growth and development. Therefore,
for most regions of Russia, empirical methods of determining evapotranspiration, developed by
various research organizations, have become widespread along with deterministic methods [2, 3].

2. ESTIMATION OF EVAPOTRANSPIRATION

Regardless of the method of calculation of evapotranspiration, its prediction, occurs using the
classical regression methods.

The emergence and development of modern tools and data collection methods, along with the
development of the mathematical apparatus for their analysis, allows the use of a more sophisticated
mathematical apparatus for predicting the quantitative characteristics of evapotranspiration. The
application of the methods of the Chebyshev interpolation theory that are proposed by us, allows us to
obtain more accurate predicted values of evapotranspiration. As a result, it allows us to optimize the
parameters and yields significant savings of resources. The aim of the research is the prediction of
evapotranspiration based on the method of constructing its predictive polynomial using the
Chebyshev interpolation method of a discretely given function.

The International Organization for Food and Agriculture of the United Nations (FAO UN)
recommended the Penman-Monteith method as a standard method of calculation of
evapotranspiration [1]:
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where ET, — evapotranspiration, mm/day; R, - solar radiation on the surface of plants,
Joule/m’day; G — heat flow from the soil, Joule /m’day; T — the average daily temperature at
altitude 2 m, °C; u, —wind speed at altitude 2 m, m/s; d, — lack of air humidity Pascal; A4 — vapor
pressure gradient curve, Pascal/°C; y — psychrometric constant, Pascal /°C.

In Russia, along with the deterministic methods of evapotranspiration calculations, empirical
methods are widespread, especially those based on the functional dependence of evapotranspiration
on temperature or humidity [4]. Among them are:

- Bioclimatic method of Alpat’eva and Alpat'eva [5], according to which evapotranspiration is
directly proportional to the deficit of air humidity, given as

ET = kg, 2. d (2).
Bioclimatic method of G.K. Lgov [6], according to which evapotranspiration is directly
proportional to the average daily air temperature as
ET = k611 2 t, (3)

where ET — evapotranspiration, mm or m3/ga; ks, — bioclimatic coefficient, mm/°C or
m3/ga-°C; d —the amount of average daily air humidity deficit, t —the amount of average daily air
temperatures °C.
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3. CHEBYSHEV INTERPOLATION

Along with the above methods for calculating evapotranspiration, there are others developed by
scientists from different countries (for example, [7-10] and others). Regardless of the method of
calculation of evapotranspiration, its prediction occurs using the classical regression methods [11].
We suggest using the more advanced mathematical apparatus of the Chebyshev interpolation theory
as a basis for predicting evapotranspiration. Compared to the regression and mean square
approximation methods, the Chebyshev interpolation method is the most efficient and versatile. It
also has a special property not only to obtain high approximation accuracy at discrete representation
points of functional dependencies but also to provide the required guaranteed approximation
accuracy.

Consider the data of quantitative assessment of evapotranspiration of ET, calculated by
one of the methods, and the course of the vegetation period. For the beginning of the period,
we take the third decade of April, for the end of the second decade of October.

Thus, the values of evapotranspiration of ET can be specified in the form of a discrete
series:

Table 1: Evapotranspiration ET values
t ty t, | ... ty
V1 Yo | .. VN

Here, t is the decades, numbered in ascending order from 1 - the third decade of April, 2 - the first
decade of May, etc. N - the second decade of October, a y, = f(ti), k =0,1,..N accordingly,
the value of ET in the corresponding period.

3.1 POLYNOMIAL FUNCTION FOR CHEBYSHEV APPROXIMATION
The task of the Chebyshev approximation of a function by a polynomial

Let the function f (t) be given by the table of its values y, = f(ti), k =1,2,..N (Table1).

Without loss of the generality, we can assume that t; <t, ---< ty. Any polynomial (for
example, trigonometric) P,(d,t) = ay + X7, a; sini = t, the order of which n < N, in relation to a
given table {t,,y,} has a natural characteristic of proximity - maximum dodge:

?(8) = max| Y« — P (@ t))
(4)

Consider a fixed value of the order of the polynomial (1)

min@(d) = p (5)
Then, polynomial B,(a*, t), for which the condition is met:

p@) =p (6)

This is called the best approximation polynomial of the table{t, y,}.
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The solution of the best approximation problem (the construction of a polynomial
P,(a*,t)) significantly depends on the ratio between the values of the order of the
polynomial (n) and the "length" of the table (N). Therefore, if n=N, then the task of
constructing the polynomial of the best uniform approximation is transformed into the
classical interpolation problem, for which p =0. The first nontrivial version of the best

approximation problem occurs when N=n+1. This task is known as the Chebyshev
interpolation problem. Known methods can be applied to solve the problem (5) (see, for
example, [12-14]). In particular, it can be solved through reduction to the linear
programming problem [15]. We introduce the notation:

d = (ag,as,...,a,) € R*"1 B, = (1,sint;,sin2t; -, sinnt;) € R"*1 b, =—y,i €
[1: N]. Given that the polynomial P,(a,t) can be represented as a scalar product P,(d,t) =
<da,(1,sint,sin2t, -, sinnt) >, task (6) can be written in the form:

max {< B;,d > +b;} _ —
i€[1:2N] aern

Then, according to [10], the problem (5) is equivalent to the linear programming

) min @)

problem of the following form:

{ apyq = Min 3
Apni1—<B;,d > —b; = 0,i € [1:N] (8)

4. THE METHOD OF CONSTRUCTING A PREDICTIVE POLYNOMIAL BASED

ON THE CHEBYSHEV APPROXIMATION PROBLEM

We believe that we are given the tabular values of evapotranspiration of ET (in the
table is y) in accordance with the decades of the growing season t (Table 1).

Stages of construction include:

Block 1- “The degree of the polynomial ”’: Set the degree of the polynomial

n<Nm=n-+ 2.

Block 2- “Constructing a polynomial”:

For a given degree of a polynomial, choose the number of nodes used m > n + 2 to
solve the auxiliary problem.

Suppose i = 0.

Solve the problem:

max |yk_Pn(é'tk)|_—>lmin (9).

N+
i+1<k<i+m aeR

—x

Assume that the vector of coefficients a;

l

is a solution to the problem (9),
whereP,(d,t) = ag + X1, a; sini *t.

Block 3- “Building a series of polynomials™: we are conducting a series of experiments
forn=123wvm=n+2,n+3,n+4.

Block 4- “Optimization of the polynomial”: Analyze the results obtained and choose the
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optimal polynomial.

Implementation of the proposed interpolation algorithm will be carried out by using the
example of alfalfa. Alfalfa has a high potential for increasing yields with sufficient
irrigation.

We carry out computational experiments using a program that implements obtaining the
values of the coefficients of polynomials based on solving the problem of the Chebyshev
approximation. This program was implemented in the Matlab environment [16], and used to
build indicators of commodity markets (for example, [17]). The program code element has

the following form:
Function program = program

n=input (‘Enter value n="); {Enter the degree of a polynomial}
m=input (‘Enter value m=");

maxi= load("max.txt"); { Array of values }

k =0;

y = linprog(q, G, H);{ Finding optimal coefficients for the Chebyshev
approximation}

u(lLh = 1;

for j = 2:(n+l)

u(j.l) =sin(k*@-1);

end

time = ((m+1):18); {Plotting graphs}
plot(time,maxi((m+l):18),"b’,time,mini((m+1):18),'k",time,v, 'ro-",time,w,’'g",time,z,"y");
grid on;

end

5. CONSTRUCTION OF A PREDICTIVE POLYNOMIAL OF
EVAPOTRANSPIRATION OF ALFALFA BASED ON THE PROBLEM
OF THE CHEBYSHEV APPROXIMATION
We set the table of values y, = y(ty), k € [1: N] evapotranspiration of ET alfalfa

during the t, decades of the growing season, numbered in ascending order. Where t; -the

third decade of April, t;5 - the second decade of October. The data are given for the
Saratov region [18].

*Corresponding author (Alexander |. Esin E-mail: esinai@yandex.ru ©2019 International Transaction Journal of Engineering,
Management, & Applied Sciences & Technologies. Volume 10 No.10 ISSN 2228-9860 elISSN 1906-9642 CODEN: ITJEA8 Paper
ID:10A10A http://TUENGR.COM/V10A/10A10A.pdf DOI: 10.14456/ITJEMAST.2019.122



Table 2: Numerical values of ET evapotranspiration

t 1 2 3 4 5 6 7 8 9
y 11,78 15,8 28,1 54,3 67,1 225 |31,8]331 373
t 10 11 12 13 14 15 16 | 17 | 18
y 44,2 18,2 24 25,2 28,6 39 184 | 78 | 7,5
The discrete graph is shown in Figure 1.
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Figure 1: Discrete graph of the evapotranspiration function of the ET(y)

Based on the above method, it is possible to build a forecast polynomial over the entire
growing season. However, as it is known that [19], the average daily water consumption of

alfalfa increases with the development of plants: in the “regrowth — branching” period, it is

in the range of 10-30 M’ . “Branching — budding” 30-50 M’ and in the “budding —

flowering” period 50—70 m%a' Besides, the magnitude of the total water consumption of

alfalfa has certain dynamics in mowing: the highest water consumption is the first mowing
(36.3 - 38.7%) of the total water consumption; slightly lower water consumption was the
second (31.1 - 33.1%) and the third cut was characterized by a decrease in crop productivity
(27.5 - 28.9%) of the total water consumption [18]. That is, in alfalfa, the value of
evapotranspiration substantially depends on the stages of development and cutting. So, for
greater accuracy, it is desirable to consider shorter intervals when constructing a predictive
polynomial. In addition, the value of evapotranspiration depends on climatic conditions. In
this regard, we have considered the numerical parameters for years with different climatic

characteristics: medium-arid (y,p) and moderately humidified (ya)-
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We will analyze the two periods. 1-5- th(t, —t;) and 6-10-th(t, —t,) .

First, we construct a graph of the function y (evapotranspiration of the ET ) together

with the graph of the linear regression equation over the gap (Figure 2).
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Figure 2: Graph of the evapotranspiration function ET(y) together with the linear
regression equation

As forecast polynomials, we will consider trigonometric polynomials of the first degree
P=ay+a;sin t and second degree Q= ay+ a;sin t +a,sin 2t . As practice
shows, an increase in the degree of a polynomial only leads to an increase in the number of
calculations without improving the accuracy of the forecast.

Having conducted numerical experiments according to the proposed method, we find
that for the specified period, the predictive polynomials of the first and second degree, for
medium-dry years respectively have the following form:

P= 34,08 —23,3sin t, Q= 34,39 —-33,14sin t—0,67sin 2t .

For moderately moisturized:
P= 30,29 —20,4sin t, Q=30,5—-27sin t—0,5sin 2t .

Evapotranspiration ET schedules together with graphs of forecast polynomials of the
first (P) and second (Q) degrees for medium-arid (y,;p ) and moderately moist (yau)

years are shown in Figures 3 and 4. Values are for 1-5th periods (decade of the growing
season, numbered in ascending order).
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Figure 3: Graphics of evapotranspiration of ET together with graphs of predictive
polynomials of the first degree P for medium-arid (y,,p) and moderately moisturized
(ymm) Years, period 1-5th
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Figure 4: Evapotranspiration ET schedules together with graphs of forecast polynomials
of the first (P) and second (Q) degrees for medium-arid (y,,p) and moderately

humidified (yuayears, period 1-5"

Similarly, we will conduct numerical experiments according to the proposed method for
the 6th-10th periods. We find that for the specified period, the predictive polynomials of the
first and second degree, for medium-dry years respectively have the following form:

P=509 —22,46sin t, Q=40,3—-8,7sin t+ 0,25sin 2t .

For moderately moisturized:

P=48,6 —16,7sin t, Q=38,3—3,4sin t+ 0,28sin 2t .

Evapotranspiration ET graphs together with the graphs of the forecast polynomials of
the first (P) and second (Q) degrees for medium-arid (y,,p) and moderately humidified
(ymm) Years are shown in Figures 5 and 6. The values are for 6th —10th periods.
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Figure 6: Evapotranspiration ET schedules together with the graphs of forecast
polynomials of the first (P) and second (Q) degrees for medium-arid (y,,p) and

moderately humidified (yuyears, period 6-10"

Analyzing the obtained results, we find that for the period of 1" -5", the total
deviations of the predicted polynomials of the first degree from the actual
evapotranspiration values are 4-8% less. Meanwhile, the corresponding total deviations of
the predicted polynomials of the second degree are 6-12% less than the total deviations from
the calculated evapotranspiration values calculated by other methods. Thus, for this period,
it is advisable to choose a polynomial of the first degree as a predictive polynomial,
calculating its coefficients by the proposed method.

For the same period, the 6" —10" total deviations of the predicted polynomials of the
first degree from the actual values of evapotranspiration are one third larger, corresponding
to the total deviations of the predicted polynomials of the second degree. The total
deviations from the calculated evapotranspiration value calculated by other methods are
greater than the total deviations of the predicted polynomials of the second degree and less
than those of the first-degree polynomials. Thus, for this period, it is advisable to choose a
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second-degree polynomial as a predictive polynomial. The dependency graphs shown in
Figures 5 and 7 demonstrate this well. Moreover, as we can see, the forecast trend is
maintained for years of different humidity (in our example, medium-dry (yup) and
moderately wetted (y,,) Years, the coefficients of polynomials will be different.

6. CONCLUSION

On the basis of the Chebyshev interpolation theory of a discretely given function, a method for
constructing a predictive polynomial for predicting evapotranspiration has been proposed. A
program has been developed on the basis of the proposed algorithm (implemented in the Matlab
environment) that is implemented, obtaining the values of the coefficients of polynomials.

Comparison of the prediction research results with those calculated by the proposed method,
based on the example of alfalfa, gives a good match. It also indicates the correctness of the adopted
methodology and reliability of the dependences obtained. This technique can be extended to
different climatic conditions and crops while maintaining the accuracy of the approximation.

7. AVAILABILITY OF DATA AND MATERIAL
Data used or generated from this study can be requested to the corresponding author.
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