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Designing feasible and cost-effective control interventions for the
eradication of epidemic diseases is a daunting task. Mathematical
modelling and control system theory provide efficient tools that can be
employed to analyse and understand the dynamics of the disease and its
control. Nevertheless, finding optimal control strategies for epidemic
models is cumbersome, owing to the stringent need for balancing the
dissenting demands of the control goal and minimising the cost of
implementing the control actions. This study proposed the application of
optimal control theory to a Tuberculosis (TB) model with slow and fast
progression, seeking to reduce or eliminate the prevalence of TB and
minimise the cost of implementation of the control. The optimal controls
are characterised using the Pontryagin maximum principle and solved
numerically. Moreover, a cost-effectiveness analysis is performed by
using an incremental cost-effectiveness ratio (ICER). The results indicated
that disease control policy that combined vaccine, case finding and case
holding interventions would successfully curtail the prevalence of TB.
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1. INTRODUCTION

Over the decades, epidemic diseases have been a leading cause of billions of deaths. For this
purpose, the entire world is making an effort to avoid the outbreak of the disease, such as the new
Corona Covid19 pandemic. Improving public health is among the priority of the united nation’s 2030
sustainable development goals (SDGs) (UN, 2019).

Tuberculosis, also known as TB is one of the world’s life-threatening diseases, with over 10
million cases of infection as of 2018, and an estimate of 1.2 million incidences of death among the
infected population. SDG goal 3.3 contains a plan to end the TB epidemic by 2030 (WHO, 2019). TB
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disease usually starts in the body of a susceptible person with infection by Mycobacterium
tuberculosis (MTB) (Jumbo et al., 2013). The transmission of the disease is mostly through air breath
between healthy and infected individuals. Common symptoms of TB include fever, weight loss and
coughing blood (Baba et al., 2019). TB can also be contracted through co-infection with other
diseases such as HIV (WHO, 2015). The understanding of TB epidemiology is cumbersome, which
makes the design and implementation of control measures complicated (Nematollahi et al. 2020).

The frequently used method for the treatment of TB includes vaccination of the susceptible
individuals to prevent infection and further spread of the disease; treatment of latently infected
individuals through “case finding” to avoid reactivation and treatment of the patient with active TB
through *“case holding” to guarantee adherence to treatment (Gomes et al., 2007).

Mathematical modelling and control system theory provide efficient tools that can be employed
to analyse and understand the dynamics of the disease and its control. Also, to access the performance
and cost-effectiveness of several control strategies employed in eradicating the diseases (Metcalf et
al., 2015; Xinetal., 2019; Zaman et al., 2017). In this regard, a large number of mathematical models
have been proposed in the literature (Chalub & Souza, 2011; Giamberardino & lacoviello, 2018;
Heesterbeek et al., 2015; Li, 2015; Matthew & Keeling, 2008; Metcalf et al. 2015; Zhang & Zhou,
2012). However, modelling and control of epidemic diseases like other natural phenomena are quite
challenging. Developing reliable control algorithm for epidemic models is cumbersome due to the
inherent non-linearity, system complexity, modelling uncertainties, parameter variations. Moreover,
finding optimal control strategies for epidemic models is cumbersome, owing to the stringent need for
balancing the dissenting demands of the control goal and minimising the cost of implementing the
control actions. (Bather et al., 1976).

In 2006, Mccluskey (2006) introduced a nonlinear TB model, considering the fact that TB
transmission exhibit slow and fast progression from susceptible to infected class. The system uses
SEI compartmental epidemic model as

(S =A—pSI— S
{%: (1 — p)BSI — kE — uE (1),

Lar
kzzpﬁSl+KE—dI—uI

where the population is separated into three compartments depending on the epidemiological status:
individuals that are healthy but can contract the disease categorised as susceptible class S(t),
exposed class E(t) containing individuals that have been in contact with the infected class but did
not yet show any symptoms and the infectious class I(t) representing the individuals with active TB.
Itis assumed that the rate of the disease transmission to susceptible individuals is bilinear 8SI, with a
fraction p undergoing fast progression to the infectious compartment, and the remaining (1 — p)
exhibiting slow progress into the exposed class. It is considered that the time taken by the exposed
individuals to move to the infectious class follows an exponential distribution, with average waiting
time 1/k. The exposed class is assumed to have latent TB which can be cured and removed upon
receiving adequate treatment; else they will progress to the infectious class. The system parameters,
along with their meanings, are summarized in Table 1.
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Table 1: Parameter description as presented in (Mccluskey, 2006)

Parameter Symbol | Parameter description
A Overall recruitment into a susceptible compartment
u Natural death rate
d Disease induced death rate
B Disease transmission coefficient
p A fraction of newly infected individuals that exhibit fast progression to infectious compartment
K The rate at which exposed individuals moved to the infectious compartment

For model (1) using the concept of a next-generation matrix (Brauer, 2017), the basic
reproduction number was found to be

_ AB(k+pp) @)

0™ p(u+d)(u+r)

They showed and proved that the disease would be eradicated by itself if R, < 1 and linger
otherwise. Based on that, the basic reproduction number, R, helps in understanding the dynamics of
the disease and can be used to recommend or plan TB control programs. Nevertheless, they did not
examine time-dependent control strategies and cost-effectiveness of the control methods, since their
study had been focused on the global stability analysis and prevalence of TB at equilibria.

The current study explores the potential application of optimal control theory and
cost-effectiveness analysis on a TB model with slow and fast progression. Hence, the research aimed
at finding the most suitable and cost-effective control interventions for the eradication of the TB
epidemic. The optimal control analysis is based on the indirect application of Pontryagin’s maximum
principle, and the cost-effective analysis is expressed through the use of incremental
cost-effectiveness ratio (ICER).

2. OPTIMAL CONTROL PROBLEM

This section described the optimal control system for the SEI model of TB transmission with fast
and slow progression studied in Mccluskey (2006). The optimal control theory is applied along with
time-dependent controls to identify the best control strategies under which the TB could be controlled
or eliminated. Three control interventions u,(t), u,(t) and us(t) are incorporated into the system
model (1). The control u, (t), denote the vaccination given to a fraction of the susceptible individuals
to provide them with immunity from the disease. The control u,(t), denotes a “case finding” control
effort that is applied to identify and cure a fraction of exposed populations, to minimise the rate of
migration from the exposed compartment to infectious. And finally, “case holding control” u;(t),
signifies the control effort that ensures the effective treatment of the infected. The optimal controls
uy (t), u,(t) and us(t) are assumed to be bounded, integrable, Lesbesgue functions with values in
the closed set [0,1]. By employing similar parameters as in model (1), the optimal control model can
be written as
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(S =4-pSI - (n+w,(®)s

{—_ (1—p)BSI —kE — (n+ uy(D)E @),

(Zi = pBSI + kE — dI — (1 + uz(D)1

with a set of system state variables X(t) = (S(t),E(t),I(t)) and the objective functional to be
minimised, defined as

J gz, u3) = fi7 (@ E@) + a(0) + 203 () + 2ud(0) + 2ud(0)dt (4).

The main objective is to reduce or eliminate the prevalence of TB in both the latent and active
classes, also minimise the cost of implementation of the control actions. As indicated in (4), the total
cost of the control includes the disease-induced cost and the cost of vaccination and control
interventions. It is assumed that the cost of the interventions is nonlinear and quadratic, as in (Baba et
al., 2019; Gao & Huang, 2018). The positive coefficients a,, a,,w;, w, and ws are nonnegative
weights related to the exposed population, infected population and control measures, respectively.

The problem is to find the optimal controls uj, u; and w3 along with an equivalent set of state
variables X* = (S§*,E*,I*) over the fixed time interval [0, tf] , that minimises the objective
functional (5) subject to the control systems dynamic constraints (3) as:

J(X*,ui, u3) = ming J(X, uq, uy, uy) (5),

with
¥ = {x e WH([0,t,]; R?), (ug, up, us) € L2([0, t]; R)|X(0) > 0,and (3) are satisfied}

3. OPTIMAL CONTROL ANALYSIS

3.1 EXISTENCE OF THE OPTIMAL CONTROL
Theorem 1. There exist optimal controls uj,u; and uz and associated optimal solution,

S*,E*,I" to the problem (5).

Proof: This theorem can be proved by adopting the conditions stated in Theorem 4.1 and
Corollary 4.1 from Bather et al. (1976) and verifying the nontrivial conditions. Let <p()?,17, t)
represent the right-hand side of (3), the following conditions should be satisfied to prove the existence
of the optimal control solutions.

I. ¢ isofclass C! and there exists a constant ¢ such that
lp(0,0,0)] <,
loz(X,,4,t)| <n( + |il), and
|oa(X,,@,0) < n;
Il.  The admissible set F of all solutions to system (3) along with associated control in W is
nonempty;
.  o(X,4,t) =a(X,t) +b(X,t)u;
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IV.  The optimal control set U = [0,u;_ _]x[0,u, |x[0,us ] is closed, compact and

convex;
V.  Ththe objective functional integrand is convex in U.

By writing ¢ (X, 1, t) asin (6), it is evident that ¢ (X, 1, t) is of class € and |¢(0,0,£)| = A.

A=BSI—(p+u (D)S
o(X,4,t) = (1 —p)BSI — kE — (L +u,(D)E
pBSI + kE — dl — (u + uz (D)1

(6).

Also,
—Bl —p—uy 0 —-BS
loz(Xa )= a-pp1  -x-—n-u,  Q-pps || and
pBI K pBS —d—p—us

i -S 0 0
loz(X,4,t)| = < 0 -E o) .
0 0 -—I

Owing to the boundedness of the state variables S, E and I, there exist a constant n such that

19(0,0,0] <, |oz(X,,%t)| <n(1 +1dl), and |pz(X,,4,t)| < 7.

Hence, the first condition is satisfied.
It can be deduced from condition (I), for constant control, there exists a unique solution to the

system (3). It follows that condition (11) holds.
Furthermore, ¢ (X, %, t) can be expanded as

A—=pBSI—(p+u,())S
o(X,4,t) = (1 —p)BSI — kE — (u + u,(D)E
pBSI + kE — dl — (n + ug (D)1
A—BSI—uS -5 0 0 Uy
=| (1 —-p)BSI — KE — pE +<0 —E 0>><<u2>
pBSI + kE — dI — pl 0 0 —I Us

Therefore, condition (I11) also holds. Conditions (1) and (V) can be investigated by verifying
the convexity of the integrand over the objective functional r()?, u, t). The convexity is satisfied if

for any two control vectors # and ¥ and a constant p € [0, 1]

(1- p)r()?, U, t) + pr()?,ﬁ, t) > r()?, (1-p)u+pv, t) (7)

Where
r(X,4,t) = a, E(t) + apI(t) + %uf(t) + %ug(t) + %ug(t)
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Considering the LHS of (7), we have
(1- p)r()?, U, t) + pr()?,ﬁ, t) =aq,; E(t) + a,I(t) +
(1= p) [2uf(®) +2u3(O) + 2ud() | +p [2v2(0) + 230 + 2030 |
And the RHS of Equation (7) gives
r(X, (1 — p)ii + p,t) = a, E(t) + apI(t) + % [(1—puy + pvy]? +
(L= plug + pva]? + 2 [(1 = plus + pvs]?
It follows that

(1 -p)r(X,4,t) +pr(X,,t) —r(X, (1 — p)ii + pd, t)

= 2(1 = puf + pvf] + 2 [(1 = p)uj + pv3] + 2 [(1 = p)uj + pvi]
=2 (1 = puy + pvs]? = [ = Pz + p2]* = 2 [(1 = p)us + pvs]?

= A = p)uf + pvf — [(1 = pPIuy + pvy 13 +22{(1 = p)uf + pvf — [(1 = Pluy + pv4]%}
+2{(1 = p)ug + pv — [(1 ~ pus + pv3]*}

= Hp(1 = )y —v)?} + H{p(L = p)(up — )%+ 2 {p(1 = p) (3 — v5)%)

>0,

Consequently, both conditions (1V) and (V) are satisfied, and the proof is completed.

3.2 OPTIMAL CONTROL SYSTEM CHARACTERISATION
It has been proved in Section 3.1 that there exist the optimal controls that minimise the functional

(5) subject to the system dynamic (3). The necessary conditions for this control can be drive by
employing the Pontryagin’s Maximum Principle (PMP) (Pontryagin et al., 1962). Following PMP,
the control uj, u; and w3 with equivalent states variables X* are optimal and minimises the

objective functional (5) for a fixed final time ¢, if the following conditions hold:
1. The optimality condition

{aH(X,ul,uz,ug,/U —

0
I 6u1

OH(X,uq,uz,uzd)
{ o _ o (8)
'M -0

k 6u3 -

2. The optimal control system

{E _ aH(X,ul,uZ,U,3,/1)

| at — YN

{d_E __ 0H(X,uq,uz,uz,l)
dat 9,
dl _ 0H(X,uq,uz,us,A)
dt 915

Rabiu Aliyu Abdulkadir, Parvaneh Esmaili



3. The co-state system

{ﬂ _ aH(X,ul,uz,ug,ﬂ.)
[ ac — as
4 dlz _ aH(X,ul,uz,ug,A) (9)
| at - OE
kdl3 _ aH(X,ul,uz,ug,A)
a ar

4. The minimisation conditions
H(X*,ui, uy, uz, A") = ming<,<q H(X", uy, up, us, A7), holds for t € [0, t¢].

5. And the transversality conditions are also holds
() =0,i=123 (10)
With the function H (Hamiltonian function) defined as

H(X, ug, Uz u3, ) = G E(0) + a1 () + 21ud (6) + 2 uf () + - u3(0)
+2,[4 = BST = (n+uy (9)S]
+ ,[(1 = p)BSI — kE — (n + uy (1) E]
+ A3[pBSI + kE — dl — (p+ u3())]]

Theorem 2: There exist co-state variables A(t), A5(t), A23(t), given the optimal solution,

S*, E*,I" and associated control uj,u; and uj that minimises J (X, uy, u,, u3) over W, such that

(2= 2 (OIBI (&) + p+ui (O] = (O (L - PBI"(E) — 25OPI* (D)

4%2 =4O+ k+u(O] —a (11).
dd_l: = 2 (OBS* () = A5()(A —p)BS*(£) — 25D [pBS* () —d — p—ui(D)] — a,

Together with transversality conditions

() =0 i=123 (12)

Equally, the piecewise characterization of the continuous optimal control function is given as:

uj(t) = min {max {0,@}, 1}

1

u,(t) = min {max {O,&%f*(t)}, 1} (13)
uz(t) = min {max {0, 12(23[*(0}, 1}

Proof: The co-state system (11) and the optimal control characterisation (13) are obtained from
the explicit application of conditions (9) and (8) of the Pontryagin’s Maximum Principle,
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respectively. The optimal control (13) is unique over an adequately short final time t, the Lipschitz
property and boundedness of the state (3) and co-state (11) systems (3) and (9) and boundedness of
the state and co-state functions (Bather et al., 1976).

The overall optimality system encompasses the system (3) and its initial conditions, the co-state
system (11) along with transversality conditions (12), and the optimal control characterisation (13):

(5= A—pSI— (u+u())s
= (1 - pIBSI — kE — (1 + up(D)E
L = pBSI +KE — dI — (i + ug(D)1
S2 = OB + p+ui (D] - (O — p)BIT () — 23(OPBI"(2)
% = O+ k+uz(0)] — a4
\ % =L (®)BS* () — 43(1) (1 —p)BS*(t) — 13 [ppS* () —d —p—us(®)] —a,  (14)

5(0),E(0),1(0) = 0,
2(t;)=0,i=1.23

u;(t) = min {max {O, /ﬁ%f*(t)}, 1}
u;(t) = min {max {0, }

AE(t)E*(t)}’
ku§ (t) = min {max {0, w}, 1}

U

B,
B3
4. NUMERICAL SIMULATION

In this section, numerical simulations are implemented to validate the analytic results. The
epidemiological parameters used for the simulation are reflected in Table 2. The optimality system
(14), is solved by employing the forward-backward sweep technique. In this technique, the state
equations are first solved forward in time using an initial guess of the control variables and state
variables’ initial conditions. The co-state equations are solved backward in time using the values of
the states and control variables from the current iteration and transversality conditions. The control
variables are then updated by using the values of the states and co-states obtained from the current

iteration. The process is repeated until the results converged. The initial values of the state variables
are assumed to be as S(0) = 3800, E(0) = 1800 and 1(0) = 200.

Table 2: Simulation parameters

Parameter Symbol | Value | Unit | Source
A 1000 person year (Baba et al., 2019)
M 1 year” (Castillo-chavez, 2004)
d O?f? year™" (Gao & Huang, 2018)
B 0.003 person” year (Yang et al., 2016)
p 0.3 None
K 0.003 year™ (Castillo-chavez, 2004)
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Figure 1 illustrated the trajectories of the optimal control functions, which indicated that to
curtail the prevalence of the TB, both the case finding u,(t) and case holding u;(t) control efforts
should be maintained at the top bound throughout the entire period of the control intervention. In
Figs. 2-3, the comparison of the populations in the case with optimal control (with u;, u, and us)
and without the application of the control are depicted. Solid-blue lines identify the population
without control interventions whereas the populations with optimal control are indicated with
dashed-red lines. In Figure 2, the population of the susceptible to optimal control is higher than the
case without control. Similarly, from Figs. 3 and 4 it is clear that the optimal control intervention is
very effective as both the exposed and infected populations are successfully contained.
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Figure 1: Profiles of the optimal control functions. Weight constants a; = 100,a, = 100,w; =
1000, w, = 500 and w5 = 500.
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Figure 2: Significance of the optimal control of the susceptible population.
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Figure 3: Significance of the optimal control of the exposed population.
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Figure 4: Significance of the optimal control of the infected population.
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Figure 5: Infected population trajectory under different control strategies.
Figure 5 illustrates the effects of different control strategies on the infected group. It can be
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vividly seen that the best performance is achieved by considering the three controls simultaneously.
The least performance occurs when only u; and u, are considered. From the numerical result at the
final time, the total number of the infected without control is approximately 1820, and 0 when all the
three control interventions are considered simultaneously.

5. COST-EFFECTIVENESS ANALYSIS
This section discussed the cost-effectiveness analysis, using an incremental cost-effectiveness

ratio (ICER), as described in (Tilahun et al., 2017). The investigation is performed to identify the
most suitable control strategy that balances the stringent needs of the control actions and the need to
minimise the cost of implementation of the control interventions compared to other policies. An
ICER gives a degree of the economic value of a particular intervention strategy in comparison to
alternative approaches. ICER is computed as a ratio of incremental cost (difference in costs between
two strategies) to incremental effect (difference in a total number of prevented incidences) (York,
2016).

As illustrated in Table 3, four control strategies are considered, with at least two control
interventions in each (considering that single intervention is not reliable in eradicating the disease).
These strategies are compared pairwise. The total cost of each strategy is assumed to be equal to the
objective function cost value associated with it. Moreover, the total number of prevented cases for
each strategy is estimated by subtracting the number of infected populations with control from those
without control at the final time.

Comparing the cost-effectiveness of strategies, | and Il,

41435
542

ICER(I) = =176

(41435-80013)

(542-1790) 31

ICER(II wth repect to I) =

Which indicated that strategy Il (with less ICER) is more effective compared to strategy I. Next
strategy Il is compared with strategy Il as follows:

ICER(II) = 810709103 = 45

(80013-31953)

ICER(I1I with respect to II) = 790—1568) 216

Similarly, a comparison between strategies Il and 111 revealed that strategy Il is more effective.
Finally, by comparing strategies Il and 1V, strategy IV with ICER of —2203 appeared to be the best

among all the four strategies.
Table 3: comparison of the control’s combination

Controls Strategies Infected populations at final | Number of cases saved at t, Objective cost function
time I(t;) value (J)
No control 1820 NA NA
Strategy | (v, and u,) 1278 542 41435
Strategy Il (v, and u;) 30 1790 80013
Strategy Il (u, and u;) 252 1568 31953
Strategy IV (uy, u, and us) 0 1820 13917

6. CONCLUSION

The study proposed the potential application of optimal control theory and cost-effectiveness
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analysis for a tuberculosis model with slow and fast progression. For this purpose, a basic TB model
is modified by adding three optimal control functions representing vaccination, case finding and case
holding control interventions. The objective of the control is to reduce or eliminate the prevalence of
TB in both the latent and active classes, while simultaneously minimizing the cost of executing the
control intervention. The uniqueness and existence of the resulting optimal control model have been
proved using Pontryagin’s Maximum Principle. Numerical simulations were conducted using the
fourth-order Runge Kutta method to validate the analytical results. Moreover, different control
strategies were proposed, and their economic value and effectiveness were investigated using the
incremental cost-effectiveness ratio. The optimal control results indicated how the use of effective
control strategies would help in eradicating the disease. Also, the cost-effectiveness analysis implies
that the best way to curtail the epidemic is to implement the three control interventions concurrently.
The study can serve as a reliable tool to inform practical disease management strategies.

7. AVAILABILITY OF DATA AND MATERIAL
The code can be made available upon reasonable request to the corresponding author.

8. REFERENCES

Baba, I. A., Abdulkadir, R. A., & Esmaili, P. (2019). Analysis of tuberculosis model with saturated incidence
rate and optimal control. Physica A: Statistical Mechanics and Its Applications, 540, 123237. DOI:
10.1016/j.physa.2019.123237

Bather, J. A., Fleming, W. H., & Rishel, R. W. (1976). Deterministic and Stochastic Optimal Control, Journal
of the Royal Statistical Soceity. 139(4), 20-79. DOI: 10.2307/2344363

Brauer, F. (2017). Mathematical epidemiology: Past, present, and future. Infectious Disease Modelling, 2(2),
113-127. DOI: 10.1016/j.idm.2017.02.001

Castillo-chavez, C. (2004). Dynamical models of tuberculosis and their applications. Mathematical
Biosciences and Engineering, 1(2), 361-404. DOI: 10.1137/1.9781611972429.ch9

Chalub, F. A.C. C., & Souza, M. O. (2011). The SIR epidemic model from a PDE point of view. Mathematical
and Computer Modelling, 53(7-8), 1568-1574. DOI: 10.1016/j.mcm.2010.05.036

Gao, D. peng, & Huang, N. jing. (2018). Optimal control analysis of a tuberculosis model. Applied
Mathematical Modelling, 58, 47-64. DOI: 10.1016/j.apm.2017.12.027

Giamberardino, P. Di, & lacoviello, D. (2018). Modeling and control of an epidemic disease under possible
complication. 2018 22nd International Conference on System Theory, Control and Computing
(ICSTCC), 67-72.

Gomes, M. G. M., Rodrigues, P., Hilker, F. M., Mantilla-beniers, N. B., Muehlen, M., Cristina, A., & Medley,
G. F. (2007). Implications of partial immunity on the prospects for tuberculosis control by
post-exposure interventions, 248, 608-617. DOI: 10.1016/j.jtbi.2007.06.005

Heesterbeek, H. et. al. (2015). Modeling infectious disease dynamics in the complex landscape of global
health. Science, 347(6227). DOI: 10.1126/science.aaa4339

Jumbo, J., Obaseki, D. O., & Ikuabe, P. O. (2013). Tuberculosis and gender parity in a TB Referral Centre,
South —South Nigeria. Greener Journal of Medical Sciences, 3(7), 270-275.

Li, C. H. (2015). Dynamics of a network-based SIS epidemic model with nonmonotone incidence rate. Physica
A: Statistical Mechanics and Its Applications, 427, 234-243. DOI: 10.1016/j.physa.2015.02.023

Rabiu Aliyu Abdulkadir, Parvaneh Esmaili



Matthew, B., & Keeling, J. (2008). Modeling Infectious Diseases in Humans and Animals Diseases in
Humans. (G. P. Wormser, Ed.). USA: Princeton, NJ: Princeton University Press.

Mccluskey, C. C. (2006). Lyapunov Functions for Tuberculosis Models with Fast and Slow Progression,
Mathematical Biosceinces and Engineering, 3(4) 603-614.

Metcalf, C. J. E., Edmunds, W. J., & Lessler, J. (2015). Six challenges in modeling for public health policy.
Epidemics, 10, 93-96. DOI: 10.1016/j.epidem.2014.08.008

UN. (2019). The Sustainable Development Goals Report.

Nematollahi, M. H., Vatankhah, R., & Sharifi, M. (2020). Nonlinear adaptive control of tuberculosis with
consideration of the risk of endogenous reactivation and exogenous reinfection. Journal of Theoretical
Biology, 486, 110081. DOI: 10.1016/j.jtbi.2019.110081

WHO (2015). Guidelines for surveillance of drug resistance in tuberculosis. (F. Byrne, Ed.) (5th ed.).
Switzerland: World Health Organization.

Pontryagin, L. S., Boltyanskii, V. G., Gamkrelidze, R. V., & Mishchenko, E. F. (1962). The Mathematical
Theory of Optimal Processes. Wiley, 53. New York.

Tilahun, G. T., Makinde, O. D., & Malonza, D. (2017). Modeling and Optimal Control of Typhoid Fever
Disease with Cost-Effective Strategies. Computational and Mathematical Methods in Medicine, 2017,
1-16. DOI: 10.1155/2017/2324518

WHO. (2019). Global tuberculosis report 2019. Retrieved January 10, 2020, from
https://www.who.int/tb/publications/global_report/en

Xin, L., Guo, Y., & Zhu, Q. (2019). Dynamic of stochastic epidemic model based on the association between
susceptible and recovered individuals. Preprints 2019, 2019050368

Yang, Y., Tang, S., Ren, X., Zhao, H., & Guo, C. (2016). Global stability and optimal control for a tuberculosis
model with vaccination and treatment. Discrete and Continuous Dynamical Systems - Series B, 21(3),
1009-1022. DOI: 10.3934/dcdsbh.2016.21.1009

York. (2016). Incremental Cost-Effectiveness Ratio.
http://yhec.co.uk/glossary/incremental-cost-effectiveness-ratio-icer Retrieved January 2020.

Zaman, G., Jung, I. H., Torres, D. F. M., & Zeb, A. (2017). Mathematical Modeling and Control of Infectious
Diseases.

Zhang, S., & Zhou, Y. (2012). Dynamics and application of an epidemiological model for hepatitis C.
Mathematical and Computer Modelling, 56(1-2), 36-42. DOI: 10.1016/j.mcm.2011.11.081

Rabiu Aliyu Abdulkadir is a PhD student at Department of Electrical and Electronic Engineering, Near East University,
TRNC. He got his Bachelor’s degree in Electrical Engineering from Kano University of Science and Technology Wudil,
Nigeria, and a Master’s degree in Instrumentation and Control from Sharda University, India. His research interests are
Control Systems Design, Robotics, Computer Vision, Image Processing and Artificial Intelligence.

Dr. Parvaneh Esmaili is an Assistant Professor at Department of Electrical and Electronic Engineering, Near East
University, TRNC. She received her BSc degree in Computer Software Engineering from the Tabriz Azad University of
Iran. She also did her MSc in an Intelligent Controller for robot manipulators program from the Tabriz Azad University of
Iran. Then, she completed her PhD in Computer Science-Robotics in University Teknologi Malaysia. Her research work
is Multiple Robot Synchronization, Intelligent Control, Deep learning, SLAM, Robot Control for Rehabilitation.

*Corresponding author (Parvaneh Esmaili). Email: parvaneh.esmaili@neu.edu.tr ©2020 International Transaction Journal of
Engineering, Management, & Applied Sciences & Technologies. Volume 11 No.7 ISSN 2228-9860 elSSN 1906-9642 CODEN:
ITJEA8 Paper ID:11A07K http://TUENGR.COM/V11/11A07K.pdf DOI: 10.14456/ITJEMAST.2020.131



	OPTIMAL CONTROL AND COST-EFFECTIVENESS ANALYSIS OF TUBERCULOSIS MODEL WITH FAST AND SLOW PROGRESSION
	1. INTRODUCTION
	2. Optimal control problem
	3. Optimal control analysis
	3.1 Existence of the optimal control
	3.2 Optimal control system characterisation

	4. Numerical SiMULATION
	5. Cost-Effectiveness Analysis
	6. CONCLUSION
	7. AVAILABILITY OF DATA AND MATERIAL
	8. REFERENCES

